This paper presents existence results for singular boundary value problems where the nonlinearity is allowed to change sign. Our theory is then applied to an example which arises naturally in the theory of shallow membrane caps.
INTRODUCTION
This paper discusses problems of the form (py')' + p(t)q(t)f(t, y) 0, limt0/ p(t)y'(t) 0, y(1) A > 0, 0<t< 1, (1.1) wherefis allowed to change sign and lip is not necessarily in zl [0, 1] . In addition our nonlinear term f(t, y) may not be Carath60dory function due to the singular behaviour ofits y variable. When A 0 we will refer to the problem as singular whereas if A > 0 we will say the problem is nonsingular. The theory presented in this paper was motivated by a nonsingular problem arising in the theory of shallow membrane caps [3, 4, 6] , namely (t3y') '+ ao---bot 2"-1 =0, O< t< Y limt_.,0/ t3y'(t) O, y(1)=A>0, a0>0, b0>0 and-y>l.
(1.2) Our paper will be divided into two main sections. In Section 2 we present a slight variation of the classical theory ofupper and lower solutions (see [3] ) so that (1.1) can be discussed in both the singular and nonsingular situation. Section 3 discusses in more detail the singular problem. The theory presented here extends and generalizes some ideas introduced in [1, 8] . In particular the results in [1] only hold if f(t,y)=f(y) for E [0, 1]\(1/2, ). In our paper we replace this with the less restrictive assumption f(., y) is nondecreasing on (0, 1/2) for each fixed y E (0, ) (see Remark 3.4 for a more general situation).
UPPER AND LOWER SOLUTION APPROACH
In this section we discuss the singular and nonsingular problem (py')' + p(t)q(t)f(t, y) O, limt0/ p(t)y'(t) O A standard argument [3, 9] Our result follows.
The following examples arise in the theory of shallow membrane caps, see [2, 4, 6] and their references. To see this we will apply Theorem 2.1. Choose e, 0 < e < 2 so that 
Integrate from t to t(t > t,,) to obtain -p(t)y'(t) g(y(t)) <_{1/ and so (see (3.7))
Integrate from t to to obtain du { h(y(tn))}ftnl fo
(3.14)
Now (3.10) and (3.14) imply lylo=sup,to,llly(t)l#M. (1) a (1) p,, > 0). First let us take (0, 1). Then (y,, a)'(tl) --0 and (P(Yn a)')'(tl) > 0. However since 0 < y,(tl) < a(tl) and yn(tl) > p, we have from (3.6) and Remark 3.1 that Therefore from the integral equation (3.18) we see that (py')'(t)+ p(t)q(t)f(t,y(t))=O, 0 < < and limto/p(t)y'(t)=O.
Remark 3.4 If in (3.5) we replace 1/n < < with 0 < < 
